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Abstract

In 1978, G.E. Bergum discovered three explicit representations for complete residue
systems in the Euclidean domain Z((—1+\/3)/2) extending two similar earlier results for

the Euclidean domains Z(\/—_]) and Z(\/E) Among these three representations, the first

is simplest to derive, while the third has a minimal property in the sense that the sum of
their absolute values is minjmal{ Hére, we derive analogous representations for complete
residue systems in therefialning imaginary quadratic fields which are Euclidean domains,
namely, Z((—1+\/3)/2)andz((—l+\/I)/2). The first representation consists of lattice

points in a rectangle in the first quadrant of the complex field. The second representation
consists of lattice\points in a parallelogram. The third representation consists of lattice

points in a heéxagon which enjoy a minimality condition.

Key words and phrase: Complete residue systems, representations of complete residue
systems
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Abstract

In 1978, G.E. Bergum [1] discovered three explicit representations for complete residue
systems in the Euclidean domain Z ((—1 + v/=3)/2) extending two similar earlier results
for the Euclidean domains Z (v/—1) and Z (v/=2). Ameng these three representations,
the first is simplest to derive, while the third has a minimal property in the sense that the
sum of their absolute values is minimal. Here, we derive analogous representations for
complete residue systems in the remaining imaginary quadratic fields which are Euclidean
domains, namely, Z ((—1 ++/=7)/2) and Z((—1+43/=11)/2). The first representation
consists of lattice points in a rectangle in the first quadrant of the complex field. The
second representation consists of-lattice points in a parallelogram. The third representa-
tion consists of lattice points in a hexagon which enjoy a minimality condition.

2010 Mathematics Subject Classification: 12F05
Key words and phrases: complete residue systems, representations of complete residue
systems

1 Introduction

We already know that for any rational integers a and b such that b # 0, there exist rational
integers ¢ and'r such that a = bg+r where 0 < r < |b|. We called r is a residue. We see that
r can bey0, 152, ..., ]b| — 1. We say that {0,1,2,...,|b| — 1} is a complete residue system. In
Euclidean domain, we can define divisibility and congruence. Let a and ¢ be elements and
7 be a nonzero element of the Euclidean domain, we say that vy|a if and only if there exists
a f in the Euclidean domain such that @ = y8. Furthermore, @« = §( mod ~) if and only
if v[(cc — ). We interest a complete residue system for three complex quadratic Euclidean
domains.



Let v be a nonzero element of the Euclidean domain. Complete Residue Systems modulo
7 is used to describe a residue of any number in Euclidean domain that divided by v. We say
that there are 2 important properties for any complete residue system modulo . First, there
are no two distinct elements in a complete residue system modulo v are congruent modulo
7. Second, every elements of the Euclidean domain are congruent to some element of the
complete residue system modulo 7.

In this paper, we study about complete residue systems in three complex quadratic Eu-
clidean Domain. We known that —% + ‘/Tm is an algebraic integer where m = —3,=7,—11.

Denote o, = ~% + \/TE where m = —3,—7, —11. Then
(1.1) 0L, = — O —

We define
Z(om) ={a+bom: a,beZ}.

Let v = a + boy, € Z(0y,). We define the norm of +, denote by |y[2, Then
2_ 2 1—m\ o
(1.2) |v|” =a*—ab+ (—4—> b*.

In 1976, G.E. Bergum [1] established the paper about representations of complete residue
systems in Z(o_3) . So, we study about complete residue systems in Z(o_7) and Z(o_11). In
some representations, we prove in the normal form Z{oy, ):

2 Representation I

Lemma 2.1. Let v = a + bom € Z(om).\ {0} d = (a,b) and v = d(ay + biom) = du, where
(a1,b1) = 1. Then d|u|? is the smalledt positive rational integer that v divides.

Proof. Let ¢ € Z" and ~y|c. Then there exists « = p + goy, € Z(0y,) such that
(2:1) c=Ha=d(a; +biopn)(p+ qom).

We consider 4 cases:

Case 1. by= 0 and ¢ = 0. Since (a1,b1) =1 and (2.1), we have a; = +1 and ¢ = +dp.
Therefore |ah=d|p| > d(1)? = d |u|*.

Case’2,_~b; = 0 and ¢ # 0. Since (a1,b01) = 1 and (2.1), we have a3 = £1 and
¢ = % (dp +dgomn,). Since d # 0 and ¢ # 0, we have ¢ ¢ Z. This is a contradiction.

Case 3. by # 0 and ¢ = 0. From (2.1), we have ¢ = dpaj + dpbiop,. Sincec € Z, d # 0
and b; # 0, we have p = 0 and ¢ = 0. That is a contradiction.



Case 4. by # 0 and ¢ # 0. From (1.1) and (2.1), we have

1-m
(2.2) c=d [alp— <T> blq] +dlaig+ bip — b1q] om.
Since ¢ € Z and d # 0, we have
(2.3) a1q+bip—b1g=0

or aiq = b1 (¢ —p). We have bi|q because (a1,b1) = 1. Since bi|q and g # 0, there exists
1 € Z\ {0} such that ¢ = b1l. Since ¢ = b1l, by # 0 and (2.3), we have

(2.4) pP= l(bl = al).
From (2.2)-(2.4),we have
(2.5) c=-ld [a% —aiby + (1;4"5) b%] :

Since [ # 0, (2.5) and (1.2), we have
c=|-lld|ul® > d|u
O
Theorem 2.2. Let v = a+boy, € Z(om) \ {0}, d=(a,b) and v = d(ay + biom) = du, where
(a1,b01) = 1. If d is even,
2 d—2
Ti=z+yvVm: oy e Z)0<z < d|pl” -1, fEgE -~

and

1 1 d—2

then T'=T1 U Ty is-a complete residue system modulo .

Proof. Let oy, ap €T and a1 = az( mod ). Then there exists § = ag + baoy, € Z(om) such
that

(2.6) a1 —ag =70 = d(a; + biopm)(ag + baop,).

From (1.1) and (2.

(=]

), we have

(2.7) a1 —ag=

N &

g .
{<2a1a2 — a1by — ashy + <¥> blbz) + (a1b2 + azby — blbg) \/E .

We consider 3 cases:



Case 1. Assume that aq, a9 € Ty. Then

(2.8) o; = z; + Y/ m,

where z;,y; € Z, 0 < z; < d[ul* —1 and 0 < y; < 22 for all 4 = 1,2. From (2.7)-(2.8),
we have

d 14+m
((L‘l — 513'2) + (y1 &= y2)\/% = 5 [(2@1&2 —a1by — asby + <—2—> b1b2> + (a1b2 +agby — blbg) \/ﬁ .

N

Y1 — y2 = 5 (a1ba + agby — b1bs).
Since d is even, we have

21— )

9 Y1 —Y92).
Since 0 < y; < d—g—Q for all 1 = 1,2, we have

d—2 D2
- (52) <m-goite

Then

d—2 d
0< = G— < —.
<y =] < 9 < 5
Thus y; = y2 and hence z; = x5 mod . S6 that v|(x1 — x2). Since 0 < z; < af|,u|2 — 1 for

all e = 1,2, we have
~(d|u*<T) <z —20 <duf -1,

Thus,
0< |21 — z2| < dfpf* -1 < dpf.

By Lemma 2.1, #] = 2. That is aq = ao.

Case 2. Assume that oy, a9 € Th. Then

(2.10) o = <xz + %) + (yi + %) vm

we have (2.9). Similary case 1, we have oy = as.

where z;,1; € Z, 0 < z; < d|u|* — 1 and 0 < Ui < d—g—Q for all i = 1,2. From (2.7) and (2.10),



Case 3. Assume that a; € 77 and ay € Th. Then

1 1
a1 =1 +y1vm and ap = <x2+§)+ <y2+§>\/ﬁ

where z;,y; € Z, 0 < z; < all/vo|2 —land 0<y; < d_gg for all i = 1,2. From (2.7), we have

1 1
n-s3—5|+|{n—-1n—:|vm
2 2
d 14+m
— 5 2a1a — a1by — agby + T bibs | + (a1b2 + agby — blbg) m )
Thus,

1 d
hi—-g5= 5 (a1by + agby — b1by) .

Since d is even, we have

d
§(a1b2 + agby — blbg) eZ

but y1 —ys — % ¢ Z. That is a contradiction. Case 3 is impossible. By 3 cases, no two distinct
elements of T are congruent modulo .

Let o = x + yom € Z(on). Since d,y € Z, there’exist ¢1,71 € Z such that

(2.11) y'= dgiFr,

where 0 < 7y < d. Since d = (a,b),'there’exist u,v € Z such that

(2.12) au+ bv = dq;.

From (2.11)-(2.12),-we have

(2.18) Yy = au+ bv + ry.

We consider 2 cases:

Case'l.-Assume that r; = 2n; where n; € Z. Then there exist q2,n2 € Z such that

—m

1
ac—nl—cw—aqu( >bu=d|ul2Q2+n2

where 0 < ng < d |M|2~ Then



1—
(2.14) z=d|ug+n+n1+av + au — <_Zl_m> bu.

From (2.13)-(2.14), we have

Q=T+ Yo,

1—m

:d|u|2q2+n2+n1+av+au*< >bu+(au+bv+r1)am

1 1
:d]uIQQQ+av+au+auam+bvo’m—|—ubam+ub<—am——Z+%> + 7 <—§+@> + ng +nq

2n 2ni/m
:d|ul2qQ+av+au+auam+bvam+uba,2n—71-+IT\/—+n2+n1

=d |’ g2 + (v + u+ uom)(a + bom) +na +ny
=d|uf g2 + (v + u(l + o))y + n2 + n1v/m.

Since d |p/* = 0( mod 7), we have

(2.15) a = nz + nyvm( med 7).

Since 0 < ny < d|p|?, we have
and 0 < r; = 2n; < d, we have 0 < ny, < d|u|2—1 and 0 < n; < d_gg‘ Thus,
ng +niv/m € Ti. Then a € T}.

Case 2. Assume that 7 = 2n; ¥ L-wheré ny € Z. Then there exist g2, ny € Z such that
1—m

x—nl—l—av—au—f-<—4—>bu=dlﬂlzq2+n2

where 0 < ng < d|u?. Theén

Q=T+ Yoy

1—m

)bu+(au+bv+r1) <_71+\/Tm)

:d|uf2qQ+n2+n1+l+av+au—<

= e + (v + u(l + o))y + ng + % + <n1 + %) vm.
So that a'= (ng + 1) + (n1 + ) vm( mod 7). Since 0 < ny < d|p|? and 0 < ry < d, we
have 0 < ny < d[ul2 —land 0 < np < %—2. Thus, ny + ni/m € Ty. Then o € Ts. By 2
cases, « is congruent to some element of 7.
Since no two distinct elements of T' are congruent modulo 7 and every elements of Z(0.,)
are congruent to some elements of 7', we have T is a complete residue system modulo . O



Theorem 2.3. Let v = a + boy, € Z(om) \ {0}, d = (a,b) and v = d(a1 + biopm) = du. If d
1s odd,
9 d—1
Ty=<xz+yvym: z,y€Z, 0<z<d|yl —l,OSyST

and

1 1 -

then T'="T1 U1y is a complete residue system modulo .

Proof. Let a1, € T and a1 = az( mod ). Then there exists § = ag + byoys € Z(a,,) such
that a; — as = vd. Then

(2.16) a1 — ag = d(a1 + biom)(ag + baop).
Case 1. Assume that aq, a9 € Ty. Then
a; =z + yiv/m
where z;, y; € Z, 0 < z; < d|u|2 —land 0<y; < —d-g—l for all'i =1,2. From (2.16), we have
(z1 + y1vm) — (z2 + y2v/m) =d(d1+ brom) (a2 + baom).
Then
2(z1 — 22) +2(y1 — )V
=d <<2a1a2 + <mT+1) biby —a1by — b1a2> + (a1be + brag — blbg)\/ﬁ> :

Thus,
2(yy' — y2) = d(a1bz + brag — biby).

So that d|2(y1 —(y5).-Since 0 < y; < % for all 1 = 1,2, we have
—{d—1) L2y — g} £ 4~ 1
Then
0< 21 — )| Sd-1<ad.

Thus, y1 = y2 and hence z; = xz2( mod ). So that v|(x1 — x2). Since 0 < z; < d|,u|2 —1 for
all 1 = 1,2, we have
—@pl?=1) <z -z <d|p - 1.

Thus,
0< |z — @ < dfuf* — 1 < d|uf®.



By Lemma 2.1, we have z1 = x3. Then aj = as.

Case 2. Assume that oy, ag € T5. Then

(e ot

where 2;,4; € Z, 0 < z; < d|u* —1 and 0 < 4 < £3 for all 4 = 1,2. From (2.16), we have

1 1 1 1
(331 e (yl + 5) \/ﬁ> = <a:2 -k (y2 + 5) ﬁ) = d(a1 + biom) (ag + baom).
Then
2(1‘1 = 232) -+ 2(y1 — yg)m
m+1
= ((2&1@2 -+ (—2—> b1b2 = a1b2 = b1a2> + (albg + b1a2 = bﬂ)g)\/%) .

Thus,
2(y1 - yz) == d(albg + bray — blbg).

So that d|2(y1 — y2). Since 0 < y; < ‘—i%?! for all 4 = 1,2, we have
—(d - 3) < 2(y1 =y2) €4 3.
Then
0<f2(y =p)l€d-3<ad

Thus, y1 = y2 and hence 21 = z3( mod 7). So that v|(z; — x2). Since 0 < z; < d |,LL|2 —1 for
all 1 =1,2, we have
—(dlpRD) <z -2 <d|uf - 1.

Thus,
Ozr — 2| < dlpf -1 < dfpf*.

By Lemma 2.1, we have z1. = z2. Then a1 = axs.

Case 3. Assume that oy € T7 and ag € Ty. Then
1
a; = x1 +y1v/m and a2=($2+§)+ <y2+ >\/E

where x;,y; € Z, 0 < x; < d|/1,|2 —1,foralli=1,2,0< 15 < d—gl and 0 < yg < 45—3. From
(2.16), we have

(z1 + y1v/m) — <962 + % + <y2 + %) ﬂ) =d(a1 + biom)(az + baoy,).



Then
(2x1 — 229 — 1) + (2y1 — 2y2 — 1)v/m
m+1
= (<2a1a2 = 5 b1bs — ai1by — b1a2> + (CleQ + bras — blbg) \/E) .
Hence

2y1 — 2y2 — 1 = d(a1ba + brag — b1ba) .
Since 0 < 3 S% andOSyQS%,
0<|2y1 —2y2 — 1| <d-2 < d.
Since d|(2y1 —2y2 — 1), we get 2y; = 2y2 + 1. That is a contradiction because 2y is-even but
2y2 + 1 is odd. By 3 cases, no two distinct elements of T' are congruent modulo +.

Let a = 2 4+yom, € Z(om,). There exist q1, 71 € Z such that y = dgy +7r where)0 < r| < d.
Since d = (a,b), there exist u,v € Z such that au + bv = dg;. So that ¥ ='au 4 bv + r1.

Case 1. Assume that r; = 2n; where ny € Z. Then there exist ¢a;n9 € Z such that

—m

1
;E—n1—av~au+< >bu=d|u|2(p+n2

where 0 < 15 < d |p|?. Then

0=+ Yom

1,%m

>bu+(au+bv—|—r1) (_71+\/—R>

:dm|2q2+n2+n1—|—av+au~< )

= d|uf® g2+ (v +u(l + o))y €n2 nivm.

So that a = ng + n1y/m( mod 7). Since.0 < np < d],u|2 and 0 < ry < d, we have

d—1
O§n2§d|u|2—1 and O§n1§~—2—.

Thus, ngy + n1/m € Ti. Then o' € Ty.

Case 2. Assume that r; = 2nj + 1 where ny € Z. Then there exist g2, n9 € Z such that
]_ —
dD—ny—1l—av—au+ (—4@> bu:d|,u|2q2+ng

where 0 <'ng < d |pu|?. Then

o=+ yom

1—m

>bu+(au+bv+r1) (:21+\/Tn_1>

:d|u|2q2+ng+n1+1+av+au—<

1 1
=dlu|2<J2+(v+u(1+0m))7+n2+§+ <n1+§> Vm.
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So that a = (ng + %) + (m + %) vm(mod ). Since 0 < ng < d\u|2 and 0 < r; < d, we have

d—3
0§n2§d|u|2~1 and O§n1§—2—.

Thus, ny + niy/m € T, Then a € Ts.

By 2 cases, « is congruent to some element of T'. Since no two distinct element of 1" are
congruent modulo v and every element of Z(o,,) are congruent to some elements of T', T' is
a complete residue system modulo 7. O

Lemma 2.4. Let v € Z(0m,) \ {0}. Then the cardinality of any representations of a complete
residue system modulo v are equal.

Proof. Let v € Z(op,) \ {0}. Let R and S be representations of a complete residue system
modulo 7. Let m and n are the cardinality of R and S respectively. By Pigeon’s Hole
Principle, we can show that it is contradict, if m < mn or m > n. Then, we see that the only
one case that is possible is m = n. So, we conclude that the cardinality of any representations
of a complete residue system modulo v are equal. U

Corollary 2.5. Let v € Z(om) \ {0}. Then the cardinality of a‘complete residue system
modulo v is |y|%.

Proof. By Lemma 2.4, the cardinality of any representations of ‘a complete residue system
modulo 7 are equal. We can choose one representationto find the cardinality. Then we can
conclude that the cardinality of other representations must be that value.

Let v = a + boy, € Z(om) \ {0}, d = (a,b) and v = d(a1 + biop,) = du. We consider 2
cases that is d is even and d is odd. If d is even; then we evaluate the cardinality from 7" in
Theorem 2.2. So that

d d
IT) = T3+ Tol S5 IR + S(@lul) = ldul® = 112,
If d is odd, then we evaluate the cardinality from 7' in Theorem 2.3. So that
d+1 d—1
IT] = 1T 11 =l + = (@) = ldpl = 1P

By 2 cases, we conclude that the cardinality of a complete residue system modulo -y is |'y|2. O

3 Representation II

Theotem 3.1. Let v = a + bon, € Z(om) \ {0}. Let Vi be the collection of points inside the
parallelogram ABCD whose the vertice are

%(1 + om), %(1 —om), %(—1 —om) and %(—1 +om),
respectively, and let Vo be the collection of the points on the half open line segment BC' and

CD. Then V = Vi UVs is a complete residue system modulo .
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Proof. Let o; = a1 + byoy € Z(0y,). Then

a1 ap + brom _a1a — a1b + 1_Tmb1b n bia — a1b

- = = Om,-
v atbon Iy T
Let i
—a1b+ =="bb bia — a1b 1
Clzam a i 1,D1=L;1—‘771=[Cl+—J’
o] 7l 2

1
§1 = {D1+§J,R1201—T1 and S1 = D; — s1.

We can write C7 = c¢1+¢; where ¢; € Z,q1 € Q,0 < ¢1 < 1. We consider 2 cases : 0'< ¢1 < %
and % < q; < 1. It can be shown that ~% < Ri & % Similarly, —% <8 < % We. can write

%1 = (r1 + 810m) + (R1 + S10m).
Thus,
a1 = (R1 4+ S10m)y ( mod %),

Next, we consider the equations of the line segment AB, BC; CD.and DA. The equations
of the line segment AB, BC, CD and DA are

1l 2a—1 2—1 1 1 2eng 1 20—-1 1

7(5+ 5 am), ¥ 5 -—2-0m),7(—5— 5 0m) and y(— 5 +§0m),

respectively, where o € R such that 0 < o < 1. If —% < Ry < % and —% < 51 < %, then
(R1 + S10:m,)7 lies inside the parallelogram, ABC'D. Hence

(Ry, S0 )y € V1.
If Ry = ~%, then (Ry + S104,)v/liés ori.C'D. Hence

(R1+ Siom)y € Va.
If $; = —%, then (£1 ¥810,)y lies on BC. Hence

(R1 + Siom)y € Va.

Therefore, every elements of Z(o,,) are congruent to some elements of V.
Let a; €V, We can write

o) = (C1 + Dlam)’y eV

where —% < Ci < % and ~%— <D< % Since —% <Ci < % and —% < R < %, we have
—-1<m < 1. Since r1 € Z, we have r; = 0. Similarly, s; = 0.
Let oy, a2 € V and a1 = ap( mod 7). Then there exists § € Z(o,,) such that %l = %24—(5.

Ji= (Rl — Rg) + (51 — SQ)(Tm.
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Consider the values of Ry — Ry and S; —S,. Since —% < Ry, Rp, 51,82 < 3, -1 < Ri—Ry <1
and —1 < S§1 — Sy < 1. Since § € Z(op,), 6 = 0 and hence oy = ay. Thus, no two distinct
elements of V are congruent modulo . Since, no two distinct elements of V' are congruent
modulo v and every elements of Z(o,,) are congruent to some elements of V', V' is a complete
residue system modulo 7. O

Theorem 3.2. Keeping notation as Theorem 3.1. Let v € Z(o_7)\{0}. Then Vo = ¢ if and
only if 2 is not divide |7|2.

Proof. Let v = a+ bo_7 € Z(o_7) \ {0}. Suppose that Vo = ¢. Assume that 2| |y|* S6 that
]2 = a® — ab + 2b® = a(a — b) + 2b2

is even. Thus, a is even or @ and b have a same parity. We consider 3 cases. Case. 1. a and b
are even, Case 2. a and b are odd and Case 3. a is even and b is odd. In Casel. and Case
3., Vertex C is a point of V5. In Case 2., there exists a vertex on the line segment BC. By 3
cases, Vo # ¢.

Conversely, let 2 not divide |'y|2. Assume that Vo # ¢. Let.ap = a1 + bjo_7 € Va. Thus
ay lies on BC or CD.
If oy lies on CD, then
aja — a1b+20b Ml
[y[? 2

So that 2| |y|?>. That is a contradiction.

If a1 lies on BC', then

bla— alb ) 1

o
So that 2| |y|>. That is a contradiction. ]
Lemma 3.3. Let v € Z(o_11).\ {0} Then 2| |v|? if and only if 2|y.
Proof. Let v =a+ bo_1y€ Z(o-11) \ {0}. Then
W% = a? — ab+ 302 = (a — b)? + ab + 20%.

Suppose that 2| |’y|2. Then a — b amd ab have a same parity. If a — b is odd and ab is odd,
then a and b have opposite parity. So that ab is even. That is contradict. If a — b is even,
then a and b.have a same parity. Since ab is even, a and b are even. Then there exist ¢,d € Z
such that a = 2¢ and b = 2d. Thus,

v=2c+2do_11 = Q(C + da_u).

Therefore 2|7y.

Conversely, let 2|y. Then there exists ¢ + do_11 € Z(o_11) such that v = 2(c + do_11).
Thus |v|? = 2(2¢? — 2cd + 6d2). Therefore, 2| |v|*. O
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Theorem 3.4. Keeping notation as Theorem 3.1. Let v € Z(o-11) \ {0}. Then Vo = ¢ if
and only if 2 is not divide .

Proof. Let v € Z(0-11)\{0}. Suppose that V5 = ¢. Assume that 2|y. There exist § € Z(o_11)
such that v = 24. Thus, the point C is
v

5(—1 —o-n)=6(-1-0_1).

So that V5 # ¢. That is contradict. Hence, if Vo = ¢ then 2 is not divide ~.

Conversely, let 2 not divide . Assume that V5 # ¢. Let oy € Va. Then oy lies,on BG or
Eiah

If oy lies on CD, then
aia —a1b+20b 1

ly|> 2’

So that 2| |y|>. By Lemma 3.3, 2|y. That is a contradiction.

If aq lies on BC, then

bia — a1b 1

I 2.
So that 2| |v|%. By Lemma 3.3, 2|y. That is a contradiction. O

By Theorem 3.2, Lemma 3.3 and Theorem 3.4, we see that Vo = ¢ if and only if 2 is
not divide |y|* when  is an element of Z(o_7) X {0} orZ(c_11) \ {0}. In 1976, Bergum had
been study complete residue systems in the complex quadratic Euclidean domain Z(w) where
w=e5 . And his result in page 79,df v =.a + bw then 2| |f)/|2 if and only if 2|y and V5 = ¢ if
and only if 2 is not divide . In thisipaper,Z(w) is Z(o_3) we can say that if v € Z(o_7) \ {0}
and V = Vi U Va, then Va = ¢ if and.only if 2 is not divide |y|*. v € Z(o_11) \ {0} and
V =ViU Va, then Vo = ¢ if and only if 2 is not divide 4. So we can conclude in three

complex quadratic Euclidean domains. The result is the following theorem.

Theorem 3.5. Let v € Z(ow) \ {0} when m = —3,—7,—11. Then Vo = ¢ if and only if 2 is
not divide |v|? .

4 Representation III

Theorem4.1. Let v = a+ bo_7 € Z(o_7) \ {0}. Let W1 be the collection of points inside
the hexagon ABCDEF whose vertices are respectively

%(5 +30_7), ;7’(2 +do_q), %(-2 +30_7),

J

74
and let Wy be the collection on the line segment CD, DE and EF except the vertexr F'. Then
W = W1 UWsy is a complete residue system modulo .

[~5 — 35_7), 177-(—2 — 40_7), and %(2 ~ 857
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Proof. Let ag = a1 + bjo_7 € Z(o_7). In the previous representation, it was shown that
there exist integers 1 and s; together with rationals R; and S; such that

a
71 = (r1 +s10-7) + (R1 + S10-7)

where —1 < 2R; < 1 and —1 < 257 < 1. We consider 2 cases for Ry that is —1 < 2R; <0
and 0 < 2R; < 1 with 2 cases for S; that is —1 < 257 < 0 and 0 < 257 < 1. By consider
4 cases, we conclude that there exist integers r and s together with rationals R and S such

that &
71 = (r+s0_7)+ (R+ So_7)

where -2 < R+35 <2, -1<2R-S<1land —2 <45 — R < 2. We can find the-equations
of the line segments for the sides of the hexagon.
If-2<R+35<2,-1<2R—-S5<1and -2<45 — R < 2, then

(R4 So_7)y € Wi.

If 2R — S = —1, then (R + So_7)y lies on the line segment CP, So-that
(R+ So_7)y € Wa.

If R+ 3S = -2, then (R + So_7)v lies on the line segmenty DE. So that
(R+ So_7)y € Wa.

If 45 — R = —2, then (R + So_7)y lies onthe line segment EF. So that
(R+'So_7)y € W,.

Therefore every element of Z(oL7) are-congruent with some element in W.
Let oy = (C + Do_q7)y =Ar™ so_7)y+ (R+ So_7)y € W. Then -1 < 2C-D < 1,
—2<C+3D <2and —2.<4D — C < 2. Then we can show that r and s satisfy equations

2r—s=-1,0,1,
r+3s=-3,-2,-1,0,1,2,3
and 4s —r=-3,-2,-1,0,1,2,3.

Next, we'consider 147 cases, so we can evaluate the value of integers r and s. The only one
case that satisfies with r,s € Zisr+3s =0, 2r — s =0 and 4s — r = 0. Then, the solution
must be #.= 0 and s = 0 only. Then we can write a; = (R+ So_7)7.

Let a1, 9 € W. Then we can write oy = (R+ So_7)y and ag = (U + Vo_7)y where

=~ 2L R385 <2, =1L£2R=5<]1; =2L45 =R <2,
—2<U+4+3V <2, -1<2U-V <1l and —2<4V-U<2.
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Let a1 = ag( mod 7). Then there exists § € Z(o_7) such that oy — ag = yd. We can
write
d=(R=U}+ (8=V)ow

So, we can find the possible values of R — U and S — V, that is R— U = —1,0,1 and
S—-V=-1,0,1. But, R—U =0and S —V = 0 are satisfy a1, as € Z(0_7). Thus a1 = as.

Therefore, there are no two distinct elements of Z(o_7) are congruent modulo 7. Since
there are no two distinct elements of Z(o_7) are congruent modulo v and every elements of
Z(o_7) are congruent to some elements of W, W is a complete residue system moduloy. 0O

Theorem 4.2. Let vy =a+bo_11 € Z(o_11) \ {0}. Let W1 be the collection of points ingide
the hezagon ABCDEF whose vertices are respectively

) v v

11(8+5U_11), 11(3-1—60_11), 11( 3+5G_11),
g il g
11( 8 50'_11), 11( 3 60'_11) and 11(3 50'_11)

and let Wy be the collection on the line segment CD, DE and EF. except the vertex F'. Then
W = Wy U Ws is a complete residue system modulo 7.

Proof. Let «; = a1 + byo_11 € Z(0o_11). In the previous representation, it was shown that
there exist integers r; and s; together with rationals Ry and S; such that

o
—’—Yl = (r1 +s10-11) A (1 #S10-11)

where —1 < 2R; < 1 and —1 < 257.< 1. “We consider 2 cases for Ry that is —1 < 2R; <0
and 0 < 2R; < 1 with 2 cases for 5] that is,—1 < 257 < 0 and 0 < 257 < 1. By consider
4 cases, we conclude that there exist integers r and s together with rationals R and .S such

that o
71 =W+so_11)+ (R+ So_n)

where —3 < R+55 < 3,—=1 <2R -5 < 1and -3 <65 — R < 3. We can find the equations
of the line segments for the sides of the hexagon.
If-3<R+55<3 —-1<2R—-—S5<1and —-3<65— R <3, then

(R+ So_11)y € W1.

If 2R — S.= =1, then (R + So_11)7 lies on the line segment C'D. So that
(R+ So_11)y € Wa.

If R+ 58 = -3, then (R+ So_11)7 lies on the line segment DE. So that

(R + 50_11)’)/ € Ws.
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If 6S — R = —3, then (R + So_11)7 lies on the line segment EF. So that
(R+ 50'_11)7 € Ws.

Therefore every element of Z(o_11) are congruent with some element in W.
Let oy = (C+ Do_11)y= (r+so_11)y+ (R+ So_11)y € W. Then -1 <2C - D < 1,
—3<C+5D <3and —3<6D — C < 3. Then we can show that r and s satisfy equations

2r—s=-1,0,1,
T4 88 = —8; =4, =3; =2,—1,0,;1,2,3,4,5
and 6s —r=-5,-4,-3,-2,-1,0,1,2,3,4,5.

Next, we consider 363 cases, so we can evaluate the value of integers r and s. /The only one
case that satisfies with r,s € Z isr+5s =0, 2r — s =0 and 6s — r = 0. Then we can write
o] = (R = 50_11)’}/.

Let ay, g € W. Then we can write a; = (R + So_11)7y and as.=\(U.+ Vo_11)y where

—3<R+55<3, -1<2R-5<1, -3 <65 R 3,
-3<U+5V <3, -1<2U -V <1 @d BW —-U<3.

Let o = ag( mod 7). Then there exists § € Z(a_11).such that oy — g = vyd. We can
write
0= (R* U) + (S'— V)O'_u.

So, we can find the possible values of R + U and § — V, that is R — U = —1,0,1 and
S—V =-1,0,1. But, R—U =0 and S — V. = 0'are satisfy a1, g € Z(0—11). Thus, a1 = as.

Therefore, there are no two distinct eléments of Z(o_11) are congruent modulo 7. Since
there are no two distinct elements of Z(o_11) are congruent modulo v and every elements
of Z(o-11) are congruent to sonte elements of W, W is a complete residue system modulo
. O

Definition 4.3. A representation S of a complete residue system modulo v is said to be an
absolute minimal representation iff for any representation R of a complete residue system

modulo v, we have
Slel <181

€S BER

In this section we interest an absolute minimal representation for a complete residue
systemmodulo 7 in Z(o_7) and Z(o-11). In 1976, G.E.Bergum had been established about
an absolute minimal representation modulo 7 in Z(o_3). Now, there are 2 complex quadratic
Euclidean domains that we must find an absolute minimal representation for a complete
residue system modulo 7.

Lemma 4.4. If -1 < k <1 and n is a rational integer, then n? +kn > 0.
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Proof. The proof of Lemma 4.4 is straight forward. Consider an interval that makes n?+kn <
0. So we can see there is no a rational integer n such that n? + kn < 0. We can conclude
that n? + kn > 0. |

Theorem 4.5. Let v € Z(o—7) \ {0} and o € W where W is the set describe in Theorem
4.1. Let B € Z(o_7) such that 8 = o mod 7). Then |8| > |a|.

Proof. Let o = (R + So_7)v be in the standard form. Since S = a(mody), there exists
c+do_7 € Z(o—-7) such that f — a = y(c+ do_7). Therefore, = (c+do_7)+ (R+So_7)y.
Hence

2
= (B +-e)% = (B 4 (S 4-d) + (8 + d)*

V

= (R* — RS +25%) + (2¢cR + ¢* — Rd — ¢S — cd + 4Sd +2d%)
2

where E = 2¢cR + ¢ — Rd — ¢S — cd + 4Sd + 2d?. We consider-7 cases.
Case 1 c=d. Then E = 2(d? + d(R—E?’—S)) By Lemma 4.4, we have E > 0.

Case 2 ¢c < d and ¢ < 0. Since —1 < 2R — S < l.and —d < —¢, we have
2R— S —d< —-d+1< —c
Then
e+ (2R -)S — d)c > 0.
By Lemma 4.4, we have

45 - R

E =% (2R - S — d)c+ 2(d? + d( z

J) =0
Case 3 ¢ < dand ¢ =0, Thus, E = 2(d*> + d(#28)). By Lemma 4.4, we have E > 0.

Case 4 ¢ < dand c>0. Since—lS‘lST_R<1andc<d,wehave

45 - R

S g—13%
e =7

+d.

Then
d(4S — R+ 2d) — 2¢d > 0.

Since 0 < ¢ < d, we get ¢d > 0. By Lemma 4.4, we have

E=d(4S — R+2d) — 2cd + cd + (¢ + (2R — S)c) > 0.
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Case b ¢ > d and ¢ < 0. Since—lg%—R<1andc>d,weget

45 - R
2

+d<d+1<ec

Then
d(4S — R+ 2d) — 2cd > 0.
Since d < ¢ < 0, we have ¢d > 0. By Lemma 4.4, we have
E =d(4S — R+2d) — 2cd + cd+ (¢* + (2R — S)c) > 0.
Case 6 ¢ > d and ¢ = 0. Then

E =2(d? +d(4S; R)).

By Lemma 4.4, we have E > 0.

Case 7c¢>dand ¢ > 0. Since —1 <2R -5 <1 and ¢ > d, we have
d<c—-1<2R- 85 —d.

Then
4+ (2R - S - &Y.

By Lemma 4.4, we have

E=02+(2R—S—d)c+2(d2+d(4S_R

)) > 0.

By 7 cases, we have E > 0. Therefore, |5} > |«|. O

Theorem 4.6. Let v € Z(a_11) \ {0} and o € W where W s the set describe in Theorem
4.2. Let B € Z(o—-11) such that f)= a( mod 7). Then |B] > |a|.

Proof. Let a = (R4 So~j1)7 be in the standard form. Since 8 = a( mod 7), there exists
ct+do_11 € Z(o_11) such that B—a = y(c+do_11). Therefore, 8 = (c+do_11)+(R+So_11)7.
Hence

2
lg — (R+¢)2 = (R+¢)(S+d) + 3(S + d)?

= (R* -~ RS +35%) + (2cR+ ¢ — Rd — ¢S — cd + 6Sd + 3d?)

2
«

v

- E+

where E = 2¢R + ¢* — Rd — ¢S — c¢d + 4Sd + 2d?. We consider 7 cases.



Case 1 ¢ = d. Then E = 3(d? + d(££2%)). By Lemma 4.4, we have E > 0.

Case 2 ¢ < dand ¢ < 0. Since —1 < 2R — 85 <1 and —d < —c, we have
2R—S§—-d< -d+1< —c.

Thus, ¢ + (2R — S — d)c > 0. By Lemma 4.4, we have

E=c?+ (2R~ S —de+3(d® +d(

6SB_R)) > 0.

Case3c<dand ¢=0. Then £ =3 (d2 +d (QSQ_—R)) By Lemma 4.4, we have £"> 0.

Case 4 ¢ < d and ¢ > 0. Since —1 < 8= < 1 and ¢ < d, we have
3

65 — R

S =15
e =73

* il

Thus,
d(6S — R+ 3d) — 3cd >)0.

Since 0 < ¢ < d, we have 2¢d > 0. By Lemma 4.4, we have
E =d(6S — R+ 3d) — 3cd + 2cd A~(¢% +(2R — S)c) > 0.
Case 5 ¢ > d and ¢ < 0. Since —1 < GST_R <1 and ¢ > d, we have

65— R
3

+d<d+1<ec.

19

Thus, d(6S — R+ 3d) — 3cd > 0. Sin¢e d'< ¢ < 0, we have 2cd > 0. By Lemma 4.4, we have

E =d(6S — R+ 3d) — 3cd + 2cd + (¢* + (2R — S)c) > 0.
Case 6 ¢ > d and ¢ =0NThus' E = 3(d? + d(GS‘T_R)). By Lemma 4.4, we have E > 0.

Case 7¢>d and ¢ > 0. Since —1 <2R— S < 1 and ¢ > d, we have
d<c—1<2R-S5—d.

Then
4+ (2R-8—die<O.

By Lemma 4.4, we have

6S — R

E=c*+ (2R -8 —d)e+3(d* + d( )) > 0.

By 7 cases, we have E > 0. Therefore, || > |a.
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Corollary 4.7. Let v € Z(o-7)\{0}, then W describe in Theorem 4.1 is an absolute minimal
representation of a complete residue system modulo .

Proof. Let R be a representation of a complete residue system modulo 7. Let « € W and
B € Rsuch that 8 = a( mod 7). By Lemma 2.4, Corollary 2.5 and Theorem 4.5, we conclude

that
o lal< > I8l

aeW BER

Thus, W is an absolute minimal representation of a complete residue system modulo . O

Corollary 4.8. Let v € Z(o-11) \ {0}, then W describe in Theorem 4.2 is an absolute
minimal representation of a complete residue system modulo .

Proof. Let R be a representation of a complete residue system modulo v.* Let-a € W and
B € R such that 8 = a( mod v). By Lemma 2.4, Corollary 2.5 and Theorem 4.6, we

conclude that
> lal< > 18I

aEW BER

Thus, W is an absolute minimal representation of a completeresidue system modulo v. O
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